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Abstract
Let p, q be primes and m be a positive integer. For a positive integer n, let ep(n) be the nonnegative
integer with pep(n) | n and pep(n)+1  n. The following results are proved: (1) For any positive integer m,
any prime p and any ε ∈ Zm, there are infinitely many positive integers n such that ep(n!) ≡ ε (mod m);
(2) For any positive integer m, there exists a constant D(m) such that if ε, δ ∈ Zm and p, q are two distinct
primes with max{p,q}  D(m), then there exist infinitely many positive integers n such that ep(n!) ≡
ε (mod m), eq(n!) ≡ δ (mod m). Finally we pose four open problems.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let p1,p2, . . . be the sequence of all primes in ascending order. For a positive integer n
and a prime p, let ep(n) be the nonnegative integer with pep(n) | n and pep(n)+1  n. In 1997,
Berend [1] proved a conjecture of Erdo˝s and Graham (cf. [4, p. 77]) by showing that for every
positive integer k there exist infinitely many positive integers n with
ep1(n!) ≡ 0 (mod 2), ep2(n!) ≡ 0 (mod 2), . . . , epk (n!) ≡ 0 (mod 2),
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only on k. Berend’s proof depends strongly on the initial value n = 1.
Chen and Zhu [3] considered the following problem.
Problem 1. Let k, d be two positive integers, q1, q2, . . . , qk be k distinct primes and {ui}ti=1,{vi}ti=i be two sequences of integers with all 0 < ui  u, 0 vi  v. Let εil ∈ {0,1, . . . , d − 1},
i = 1,2, . . . , k, l = 1,2, . . . , t . Does there exist some integer n 1 with
eqi
(
(uln + vl)!
)≡ εil (mod d) for all i, l?
Let
C(x) =
(
k∏
i=1
qi
)d+1
xk,
M0 = 0, M1 = 1, Mi+1 = Mi + C
(
u(uMi + v)
)
.
Chen and Zhu [3] proved that, if there is an initial value n for Problem 1, then the initial value
is bounded by Mdkt−kt+1 and there are infinitely many such n with the differences of adjacent
n’s less than Mdkt−kt+1 (Chen and Zhu [3] proved the result for qi = pi . In fact, the proof does
not depend on pi being the ith prime). Sander [6] posed two conjectures:
Conjecture 1. (Sander [6]) Let p1, . . . , pk be distinct primes, and let εi ∈ {0,1} (i = 1,2, . . . , k).
Then there are infinitely many positive integers n such that
ep1(n!) ≡ ε1 (mod 2), ep2(n!) ≡ ε2 (mod 2), . . . , epk (n!) ≡ εk (mod 2).
Conjecture 2. (Sander [6]) Let p1, . . . , pk be distinct primes, and let εi ∈ {0,1} (i = 1,2, . . . , k).
Then we have asymptotically
∣∣{0 n < N : epj (n!) ≡ εj (mod 2) (1 j  k)}∣∣∼ 2−kN
for N → ∞.
Chen [2] proved Conjecture 1. In 2003, Luca and Sta˘nica˘ [5] posed the following general
conjecture of Conjecture 2:
Conjecture 3. (Luca and Sta˘nica˘ [5]) Let q1, . . . , qk be distinct primes, m1, . . . ,mk be arbitrary
positive integers ( 2), and 0 ai mi − 1 (i = 1, . . . , k). Then
∣∣{0 n < N : eqi (n!) ≡ ai (mod mi), 1 i  k}∣∣∼ Nm1 · · ·mk as N → ∞.
Luca and Sta˘nica˘ [5] proved Conjecture 3 under the assumption qi  mi (i = 1, . . . , k). It is
clear that Conjecture 3 is equivalent to the conjecture with m1 = m2 = · · · = mk = m.
Corresponding to Chen’s Theorem in [2], we pose the following conjecture which is a weak
form of the Luca–Sta˘nica˘’s Conjecture.
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(a1, . . . , ak) ∈ Zkm, there exist infinitely many positive integers n such that
eq1(n!) ≡ a1 (mod m), eq2(n!) ≡ a2 (mod m), . . . , eqk (n!) ≡ ak (mod m).
In the present paper, we prove the following results.
Theorem 1. For any positive integer m, any prime p and any ε ∈ Zm, there are infinitely many
positive integers n such that
ep(n!) ≡ ε (mod m).
Theorem 2. For any positive integer m, there exists a constant D(m) such that, if ε, δ ∈ Zm and
p, q are two distinct primes with max{p,q}  D(m), then there exist infinitely many positive
integers n such that
ep(n!) ≡ ε (mod m), eq(n!) ≡ δ (mod m).
Remark 1. For max{p,q} < D(m), by [3], if an initial value exists, then it is less than M2m−1
and there are infinitely many such n with the differences of adjacent n’s less than M2m−1.
Remark 2. From the proof of Theorem 2, we can determine D(m) easily. For a prime p | m,
let ni be the least positive integer with ep(ni !) ≡ i (mod m) (0  i  m − 1). Write Bp =
max0im−1 ni + 1. Then D(m) = maxp|m Bp . For a given integer m, if ε, δ ∈ Zm and p, q
are two distinct primes with either max{p,q}  D(m) or p  m, q  m, by Theorem 2 and [5,
Theorem 1] there exist infinitely many positive integers n such that
ep(n!) ≡ ε (mod m), eq(n!) ≡ δ (mod m).
So it suffices to concern only those primes p, q with p | m, q < D(m). As an example, we con-
sider the case m = 3. Then p = 3. Since {e3(n!) (mod 3): 1 n 6} = Z3, we have D(3) = 7.
Hence q = 2,5. By calculation we have
{(
e3(n!) (mod 3), e2(n!) (mod 3)
)
: 1 n 20
}= Z23,{(
e3(n!) (mod 3), e5(n!) (mod 3)
)
: 1 n 35
}= Z23.
Therefore, for any two distinct primes p, q and ε, δ ∈ Z3, by Remark 1 there exist infinitely many
positive integers n such that
ep(n!) ≡ ε (mod 3), eq(n!) ≡ δ (mod 3).
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To prove the theorems, we need several lemmas.
Lemma 1. Let q be a prime and m a positive integer with q  m. Then there exist infinitely many
positive integers b such that
eq
(
qb!)≡ 0 (mod m).
Proof. For any integer b 1, we have
eq
(
qb!)= qb−1 + · · · + q + 1.
Then,
(q − 1)eq
(
qb!)= qb − 1.
Now let b = ϕ((q − 1)ml), where l ∈ N, q  l and ϕ is the Euler’s function. Then
(q − 1)ml | (q − 1)eq
(
qb!).
Hence
m | eq
(
qb!).
This completes the proof of Lemma 1. 
Lemma 2. Let q be a prime and b, l be two positive integers. Then
eq
((
lqb
)!)= leq(qb!)+ eq(l!).
Proof. We have
eq
((
lqb
)!)= ∞∑
i=1
[
lqb
qi
]
=
b∑
i=1
lqb−i +
∞∑
i=1
[
l
qi
]
= leq
(
qb!)+ eq(l!).
This completes the proof of Lemma 2. 
Lemma 3. Let q be a prime and b, l, r be three positive integers with qb > r . Then
eq
((
lqb + r)!)= eq((lqb)!)+ eq(r!).
Proof. Since r < qb, for 1 i  r we have eq(lqb + i) = eq(i). By
(
lqb + r)! = (lqb)!(lqb + 1) · · · (lqb + r),
we have
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lqb + r)!)= eq((lqb)!)+ eq(lqb + 1)+ · · · + eq(lqb + r)
= eq
((
lqb
)!)+ eq(1) + · · · + eq(r)
= eq
((
lqb
)!)+ eq(r!).
This completes the proof of Lemma 3. 
Lemma 4. Let p, q be primes, m be a positive integer and let
E = {k | 0 k m − 1, for infinitely many positive integers a,
there exists a positive integer la with eq
((
lap
a
)!)≡ k (mod m)}.
Then there exists an integer A such that for any a A and any l  1 there is a k ∈ E with
eq
((
lpa
)!)≡ k (mod m).
Proof. It is clear that E = ∅. If E = Zm, then we have nothing to prove. Now we assume that
E = Zm. Suppose k′ ∈ {0,1, . . . ,m−1}\E. By the definition of E, there are only finitely many a′
for which there exists a positive integer la′ with eq((la′pa
′
)!) ≡ k′ (mod m). Now, let Ak′ be an
integer, which is larger than all of these a′. Then for any a Ak′ and any l  1, we have
eq
((
lpa
)!) ≡ k′ (mod m).
Now let
A = max
k′∈{0,1,...,m−1}\E
Ak′ .
Then for any a A and any l  1 there exists k ∈ E with
eq
((
lpa
)!)≡ k (mod m).
This completes the proof of Lemma 4. 
Lemma 5. Let p, q be distinct primes and m a positive integer with q  m. Then for any integer
L 1, we have
{
eq
((
lpa
)!) (mod m) | a L, l  1}= Zm.
Proof. Let E, A be as in Lemma 4. We now show that (gcdE,m) = 1. Suppose that
(gcdE,m) > 1. Let γ be a prime with γ | (gcdE,m).
Then, by Lemma 4, for any a A and any l  1 we have
eq
((
lpa
)!)≡ 0 (mod γ ). (1)
Let a A, c > pa with γ  c. Then there exist l  1 and d  1 such that
lpa − qc+1d = qc − 1.
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(
(l + 1)pa)! = (lpa)!(lpa + 1)(lpa + 2) · · · (lpa + pa)
= (lpa)!(qc+1d + qc)(qc+1d + qc + 1) · · · (qc+1d + qc + pa − 1),
we have
eq
((
(l + 1)pa)!)= eq((lpa)!)+ c + eq((pa − 1)!)= eq((lpa)!)+ c + eq(pa !).
But by (1) and γ  c, we have
eq
((
(l + 1)pa)!) ≡ 0 (mod γ ), eq((lpa)!) ≡ 0 (mod γ ),
eq
(
pa!) ≡ 0 (mod γ ), c ≡ 0 (mod γ ),
a contradiction. Hence (gcdE,m) = 1.
Let E = {k1, k2, . . . , ku}. For any k with 0  k < m, there exist positive integers v1, v2, . . . ,
vu, v such that
v1k1 + v2k2 + · · · + vuku − vm = k.
Let s1, s2, . . . , sv1+v2+···+vu be a sequence consisting of vi occurrences of each ki . Since s1 ∈ E
there exist integers a1  L and l1  1 such that
eq
((
l1p
a1
)!)≡ s1 (mod m).
Let b1 = 0. Then
eq
((
l1p
a1qb1
)!)≡ s1 (mod m).
Let a0 = b0 = l0 = 0. Now suppose that we have integers j, a0, a1, a2, . . . , aj , b0, b1, b2, . . . , bj
and l0, l1, l2, . . . , lj such that
a1 L, ai  l0pa0qb0 + l1pa1qb1 + · · · + li−1pai−1qbi−1 ,
bi  l0pa0qb0 + l1pa1qb1 + · · · + li−1pai−1qbi−1,
and
eq
((
lip
ai qbi
)!)≡ si (mod m),
for 1 i  j . If j < v1 + v2 + · · · + vu, then by sj+1 ∈ E there exist integers aj+1 and lj+1  1
such that
aj+1  l0pa0qb0 + l1pa1qb1 + · · · + ljpaj qbj
and
eq
((
lj+1paj+1
)!)≡ sj+1 (mod m).
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bj+1  l0pa0qb0 + l1pa1qb1 + · · · + ljpaj qbj
and
eq
(
qbj+1 !)≡ 0 (mod m).
Then, by Lemma 2 we have
eq
((
lj+1paj+1qbj+1
)!)= lj+1paj+1eq(qbj+1 !)+ eq((lj+1paj+1)!)≡ sj+1 (mod m).
Thus, by induction there exist integers a1, a2, . . . , av1+v2+···+vu, b1, b2, . . . , bv1+v2+···+vu and
l1, l2, . . . , lv1+v2+···+vu such that
a1  L, ai  l0pa0qb0 + l1pa1qb1 + l2pa2qb2 + · · · + li−1pai−1qbi−1 ,
b1 = 0, bi  l0pa0qb0 + l1pa1qb1 + l2pa2qb2 + · · · + li−1pai−1qbi−1 ,
and
eq
((
lip
ai qbi
)!)≡ si (mod m),
for 1 i  v1 + v2 + · · · + vu. By Lemma 3 we have
eq
((
lv1+v2+···+vupav1+v2+···+vu qbv1+v2+···+vu + · · · + l1pa1qb1
)!)
= eq
((
lv1+v2+···+vupav1+v2+···+vu qbv1+v2+···+vu
)!)+ · · · + eq((l1pa1qb1)!)
≡ sv1+v2+···+vu + · · · + s1
= v1k1 + v2k2 + · · · + vuku
≡ k (mod m).
This completes the proof of Lemma 5. 
To prove Theorem 1, it is enough to prove the following Theorem 3.
Theorem 3. Let p be a prime and m a positive integer. Then for any integer L 1, we have
{
ep
((
lpa
)!) (mod m) | a L, l  1}= Zm.
Proof. Let q = p and E, A be as in Lemma 4. We now show that (gcdE,m) = 1. Suppose that
(gcdE,m) > 1. Let γ be a prime with γ | (gcdE,m). Then, by Lemma 4, for any a  A and
any l  1 we have
ep
((
lpa
)!)≡ 0 (mod γ ). (2)
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ep
(
pa!)= pa−1 + · · · + p + 1 ≡ 1 (mod γ ),
a contradiction with (2).
If γ | p − 1, let γ t + 1 > A, where t ∈ Z, then
ep
(
pγ t+1!)= pγ t + · · · + p + 1 ≡ γ t + 1 ≡ 1 (mod γ ),
a contradiction with (2).
If γ = p and γ  p − 1, let (γ − 1)t + 1 > A, t ∈ Z, then we have
(p − 1)ep
(
p(γ−1)t+1!)= p(γ−1)t+1 − 1 ≡ p − 1 (mod γ ).
Since (p − 1, γ ) = 1, we have ep(p(γ−1)t+1!) ≡ 1 (mod γ ), a contradiction with (2). Hence
(gcdE,m) = 1.
Let E = {k1, k2, . . . , ku}. For any k with 0  k < m, there exist positive integers v1, v2, . . . ,
vu, v such that
v1k1 + v2k2 + · · · + vuku − vm = k.
Let s1, s2, . . . , sv1+v2+···+vu be a sequence consisting of vi occurrences of each ki . Since si ∈ E,
there exist integers a1, a2, . . . , av1+v2+···+vu and l1, l2, . . . , lv1+v2+···+vu such that
a1  L, ai  l1pa1 + l2pa2 + · · · + li−1pai−1 , i  2,
and
ep
((
lip
ai
)!)≡ si (mod m),
for 1 i  v1 + v2 + · · · + vu. Then, by Lemma 3 we have
ep
((
lv1+v2+···+vupav1+v2+···+vu + · · · + l1pa1
)!)
= ep
((
lv1+v2+···+vupav1+v2+···+vu
)!)+ · · · + ep((l1pa1)!)
≡ sv1+v2+···+vu + · · · + s1
= v1k1 + v2k2 + · · · + vuku
≡ k (mod m).
This completes the proof of Theorem 3. 
Proof of Theorem 2. By Theorem 1, for any prime p there exist m positive integers
n0, n1, . . . , nm−1 such that
ep(ni !) ≡ i (mod m), i = 0,1, . . . ,m − 1.
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Bp = max
0im−1
ni + 1, D(m) = max
p|m Bp.
Since n0, n1, . . . , nm−1 are distinct, we have Bp > m and D(m) > m. Assume that p < q and
q D(m). Then q  m. If p  m, then Theorem 2 follows from Luca and Sta˘nica˘ [5, Theorem 1].
Now we assume that p | m. By Lemma 5, there exist ai D(m) and li  1 with
eq
((
lip
ai
)!)≡ i (mod m), 0 i m − 1.
By Lemma 1, there exists a positive integer b with
eq
(
qb!)≡ 0 (mod m).
Let (r, s) ∈ Z2m. Since
{
ep(nk!) (mod m) | 0 k m − 1
}= Zm,
we have
{
ep
((
lsp
as qb
)!)+ ep(nk!) (mod m) | 0 k m − 1}= Zm.
So there exists k with 0 k m − 1 such that
ep
((
lsp
as qb
)!)+ ep(nk!) ≡ r (mod m).
Since as D(m) > nk , we have
ep
((
lsp
as qb + nk
)!)= ep((lspas qb)!)+ ep(nk!) ≡ r (mod m).
Since q D(m) > nk , by Lemmas 2 and 3 we have
eq
((
lsp
as qb + nk
)!)= eq((lspas qb)!)+ eq(nk!)
= eq
((
lsp
as qb
)!)
= lspas eq
(
qb!)+ eq((lspas )!)
≡ s (mod m).
Since there are infinitely many b, we obtain a proof of Theorem 2. 
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At the last section, we pose four problems.
Problem 2. Given two positive integers k, m and ε1, ε2, . . . , εk ∈ Zm, does there exist a prime p
with
epi (p!) ≡ εi (mod m), i = 1,2, . . . , k?
Problem 3. Given two positive integers k, m and ε1, ε2, . . . , εk ∈ Zm, does there exist an integer
n > 1 with
epi
(
n2!)≡ εi (mod m), i = 1,2, . . . , k?
Corresponding to the above two problems, we pose the following problems.
Problem 4. Given two positive integers k, m and ε1, ε2, . . . , εk ∈ Zm, do there exist infinitely
many primes p with
epi (p!) ≡ εi (mod m), i = 1,2, . . . , k?
Problem 5. Given two positive integers k, m and ε1, ε2, . . . , εk ∈ Zm, do there exist infinitely
many positive integers n > 1 with
epi
(
n2!)≡ εi (mod m), i = 1,2, . . . , k?
Remark 3. If Problem 2 is true for each k,m, ε1, ε2, . . . , εk , then it is easy to see that Problem 4 is
true for each k,m, ε1, ε2, . . . , εk . In a sense, Problem 4 is equivalent to Problem 2 (and Problem 5
to Problem 3). But for given k, m, Problem 2 (respectively Problem 3) is very different from
Problem 4 (respectively Problem 5). For small k, m we can answer Problem 2 (respectively
Problem 3) easily. Even for k = m = 2 we have no idea for Problem 4 (respectively Problem 5)
currently.
If we do not assume that p1,p2, . . . , pk are first k primes, then we have the similar problems.
In this case, even for k = 1, we have no answers for these problems. For example, we do not
know now whether for any prime q and any positive integer m,
{
eq(p!) (mod m): p are primes
}= Zm,{
eq
(
n2!) (mod m): n ∈ Z}= Zm.
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